The objective of the paper is to compute the optimal burn-out conditions and control requirements that would result in maximum down-range/ cross-range performance of a waverider type hypersonic boost-glide (HBG) vehicle within the medium and intermediate ranges, and compare its performance with the performances of wing-body and lifting-body vehicles vis-a-vis the g-load and the integrated heat load experienced by vehicles for the medium-sized launch vehicle under study. Trajectory optimization studies were carried out by considering the heat rate and dynamic pressure constraints. The trajectory optimization problem is modeled as a nonlinear, multiphase, constraint optimal control problem and is solved using a hp-adaptive pseudospectral method. Detail modeling aspects of mass, aerodynamics and aerothermodynamics for the launch and glide vehicles have been discussed. It was found that the optimal burn-out angles for waverider and wing-body configurations are approximately 5 and 14.8 , respectively, for maximum down-range performance under the constraint heat rate environment. The down-range and cross-range performance of HBG waverider configuration is nearly 1.3 and 2 times that of wing-body configuration respectively. The integrated heat load experienced by the HBG waverider was found to be approximately an order of magnitude higher than that of a lifting-body configuration and 5 times that of a wing-body configuration. The footprints and corresponding heat loads and control requirements for the three types of glide vehicles are discussed for the medium range launch vehicle under consideration.
Introduction
Waverider configuration, originally intended for hypersonic cruise vehicle (HCV) has become extremely popular because of DARPA's X-41 common aero vehicle (CAV) program [1] and the Boeing X-51 scramjet engine demonstrator waverider program [2] . The waverider configuration has an immense aerodynamic advantage because of highest possible trim liftto-drag ratio of greater than 3.0 in the hypersonic regime [3] as compared to trim lift-to-drag ratio of greater than 2.0 for wing-body configuration [4, 5] and that of slightly greater than one for lifting-body design [6e8] . Common examples of lifting body designs include X-33, X-38 and HL-20 vehicles while shuttle orbiter and X-37B orbital test vehicle (OTV) are the examples of wing-body vehicles. The larger nose radius of lifting-body and the wing-body design have a better volumetric efficiency and also allow the use of conventional nosemounted terminal sensors such as millimeter wave radar. The lifting-body and wing-body vehicles are subject to maximum heat rate on the fin leading edges. With advancement of the material technology (carbonecarbon materials) capable of bearing a temperature up to 2900 K [9] , the utility of wingbody and lifting-body designs for medium and intermediate range military applications cannot be ignored.
Reentry studies performed on lifting-body configuration have focused mainly on crew return vehicles (CRVs) [4] , while the research on wing-body configuration is focused on orbital space planes and maneuverable reentry vehicles [10e13]. Li et al. [14, 15] carried out trajectory optimization of a boostglide hypersonic missile waverider configuration using the shooting technique, and calculated the footprint of an HBG missile from 5000 km to 15,000 km down-range and 5000 km cross-range once boosted from a Minuteman III boost vehicle to a speed of approximately 6.5 km/s at a burn-out angle of nearly zero degree. Rizvi et al. [16] computed the optimal trajectories of waverider type hypersonic boost-glide vehicle for medium range applications, and showed that the integrated heat load can be reduced by as much as 50 percent with penalty of only 10 percent in the overall down range. The research carried out by Rizvi et al. [16] shows the dependency of the integrated heat load on the burn-out conditions. The optimal burn-out conditions and subsequent optimal reentry trajectories under constraint heat rate with the objective to maximize the down-range and cross-range performance for medium to intermediate range applications are not available in literature.
For a ballistic vehicle with a particular burn-out speed and a fixed reentry vehicle shape and wing loading, the critical parameter is the burn-out angle. Low burn-out angles imply a small free-flight range but a higher reentry range and vice versa. Longer flight time at a shallow reentry angle also results in the increase in the total heat load [17] . The heat rate problem is more severe for small size vehicle because of small nose/leading-edge-radius (for wing-body and lifting-body designs). Limiting the heat rate restricts the reentry angle and lowers the down-range/cross-range performance of a reentry vehicle. Sharper re-entry angle results in high decent rates and the vehicle quickly approaches the heat rate boundary, resulting in infeasible trajectories.
The importance of the burn-out angle therefore necessitates it to be optimized. The approach used to optimize the burn-out conditions is to model the boost phase. The multiphase optimization problem is solved using a hp-adaptive pseudospectral method. For the free-flight and the glide phase, the path limits include the heat rate limit of 4 MW/m 2 which can either be at the nose or at a fin-tip, as well as dynamic pressure constraint of 320,000 Pa corresponding to the terminal constraint. The heat rate limit corresponds to the temperature limit of 2900 K which the reinforced carbonecarbon material can sustain [9] . Ablative materials are not suitable for lifting vehicle because of significant reduction in aerodynamic properties with modification in the body shape [18] .
The aim of the numerical study is therefore to compute the optimum burn-out altitudes and the flight path angles for the ballistic vehicle, and the best angle-of-attack and bank angle profile for the waverider, wing-body and lifting-body vehicles which would result in maximum down-range/cross-range of the vehicles under heat rate and dynamic pressure constraints.
The planform loading of lifting-body, wing-body as well as waverider configurations is assumed to be 400 kg/m 2 which is consistent with that of fighter aircrafts as well as MaRRV data considered in Ref. [19] . The non-linear optimal control problem is solved using hp-adaptive pseudospectral method implemented in Gauss pseudospectral optimization software (GPOPS) [20] .
Definition of phases
The various phases include:
1) The first 5s of first stage boost phase, during which pitch maneuver does not take place.
2) The first stage boost phase, after the first 5s, during which the launch vehicle pitches down using angle-of-attack control.
3) The second stage boost phase during which the flight path angle is changed to meet the burn-out conditions. 4) The free flight and the reentry stage during which the glide vehicle is steered to an optimal down-range or cross-range distance with the help of angle-of-attack and bank angle control.
The states at the end of the third phase, which includes the burn-out angle, burn-out altitude and the burn-out speed, are treated as free parameters and can be optimized. The fourth phase includes the free flight phase as well as the reentry phase.
Physical model

Earth and atmosphere
The earth is assumed to be a perfect, non-rotating sphere. The acceleration due to gravity is given by Newton's inverse square law
The density variation with altitude is assumed to be exponential and given by the relation r ¼ r 0 e ðÀh=bÞ ð2Þ where r 0 is the sea level density; and b is a constant that represents the inverse of density scale height and is given in Table 2 .
Ballistic vehicle and reentry vehicle data
The data of the launch vehicle and the two types of reentry vehicles under consideration as well as the physical constants are summarized in Tables 1 and 2 , respectively. The liftingbody and wing-body vehicles have same spherical nose radius denoted by R ND , of which the fin radius and fin sweep angle are denoted by R F and L, respectively. The bi-conic reentry vehicle is assumed to have the same mass as that of the lifting vehicles with a ballistic coefficient of approximately 2900 kg/m 2 .
The boost vehicle does not resemble any particular vehicle and is not an optimized vehicle for the purpose. It is because of this reason that the control deflections of the boost vehicle are not discussed and are not considered important for the purpose of the current research. The boost vehicle is a two stage vehicle with a burn-out velocity in vicinity of 3.7 km/s. The burn-out time of each rocket motor is about 80 s.
Aerodynamic model
An integrated waverider has a lift-to-drag ratio close to 4 at Mach 4.0 [3] . Philips [21] given a detailed overview of CAV-H and CAV-L concepts of Boeing waverider designs and also provided aerodynamic data which indicates a lift-to-drag ratio of greater than 3.0 at hypersonic mach number range for a typical high performance CAV design. This high aerodynamic performance is not without any limitation. The NASA Ames and Sandia's slender aerodynamic research probe (SHARP L1) has a nose leading edge radius of 3e6 mm [18] and experiences very high heating rates during the reentry phase. The waverider technology is still undergoing test and trial in the form of X-41 [1] vehicle by DARPA.
The aerodynamic model for the waverider configuration was obtained using the experimental data in Ref. [3] . The lift curve slope was adjusted to that of a flat plate at hypersonic speeds obtained using Newtonian flow theory [22] . This is done since the data provided in Ref. [3] is valid only till Mach 4.5. Eqs. (3) and (4) represent the aerodynamic model of the waverider experimental data is represented in Fig. 1 .
The wing-body design is a compromise that allows for a spacecraft to perform a lifting reentry while still managing the extreme heat during this phase. In hypersonic flow, the blunt bodies tend to produce a strong detached normal shockwave at the nose. The detached shockwave causes a significant portion of the kinetic energy from a high-speed flow to be swept away by the cross-flow, so the majority of the energy never reaches the surface of the body. A wing-body vehicle has a lift-to-drag ratio close to 2.0. Whitmore et al. [18] compared the data of shuttle, X-20 Dynasoar, X-34 and X-15 in their analysis. The details of the MaRRV aerodynamic data were given by Parish-II [19] while Bornemann et al. [23] and Surber et al. [5] presented the trim aerodynamic data of shuttle orbiter. The trim aerodynamic data in Refs. [4, 5, 19] was used to obtain Eqs. (5) and (6) . The comparison of aerodynamic model with experimental data is shown in Fig. 2 .
The lifting-body aerodynamics has extensively been studied for crew return vehicle (CRV) design. The detailed wind tunnel tests were carried out in the range of Mach 0.3e20 at NASA Langley Research Center. The wind tunnel data indicates that HL-20 has an untrimmed maximum lift-to-drag ratio of 1.4 in hypersonic region [8] . Trim analysis carried out by Whitmore et al. [4] indicates that the HL-20 configuration has a maximum lift-to-drag ratio of 1.2 at an angle of attack close to 15 . The trim lift-to-drag ratio of 1.2 for a lifting-body vehicle is comparatively twice as much as that of a bi-conic reentry body and therefore gives higher cross-range performance as compared to a conventional bi-conic reentry body design. An equation set given below represents a simplified aerodynamic model of HL-20 vehicle in hypersonic range. The corresponding lift, drag and lift-to-drag ratio are represented in Fig. 3 .
Equations of motion
The following set of equations of motion is used for three degree of freedom (DOF) point mass model. The equations have been extensively used in the study of reentry vehicle and their guidance systems [10,14e16] .
where r is the radial distance from the center of the earth to the reentry vehicle; Q and 4 are the longitude and latitude, respectively; V is the total velocity of the vehicle; g and j are the flight path angle and the azimuth angle, respectively; and m is the mass. The terms L and D are defined as
Thrust is assumed to be zero during the reentry flight. C L and C D are assumed to be function of angle of attack (a) only. This is true in hypersonic region in which the aerodynamic coefficients do not vary with Mach number.
Stagnation point heat rate
The stagnation point heat rate is modeled by using the equation given by Scot et al. [15] . The convective heat transfer rate is given by
The convective heat transfer at the fin tip or wing leading edge is calculated using Eq. (17), which is valid for swept cylinder with cylinder radius R F inclined at a sweep angle, L F to the flow [24] . It was assumed in Eq. (17) that the enthalpy at the wall is very small as compared to that at infinity, which is true for no-slip condition. For slip condition, lesser heat is generated because of lesser skin friction. This implies that using Eqs. (16) and (17) in the current form is a conservative approach.
The total heat load at the stagnation point is calculated using the relationship
where t 0 and t f are the initial and final times in the free-flight and re-entry phases, respectively.
Normal acceleration
For a winged body the normal acceleration is of greater importance as compared to the total deceleration load. The normal acceleration is computed using the following relation
Controls
The waverider, wing-body vehicles and lifting-body vehicles have angle-of-attack and bank-angle control. The waverider and wing-body vehicles are assumed to have angle-ofattack trim capability from À10 to 50
. On the other hand, the lifting-body vehicle is assumed to have maximum angleof-attack trim capability up to 30
. All vehicles have a bank angle control of ±90
. The angle-of-attack control modulates the lift and the heat rate. The bank angle results in a lateral force which causes the sideward motion of the spacecraft. The boost vehicle also has angle-of-attack control. The angle-ofattack range during the boost phase is set between ±20
.
Boundary conditions
The initial conditions are the conditions of the missile at the launch pad rðiÞ ¼ 6378e3km; QðiÞ ¼ 0; 4ðiÞ ¼ 0:0; VðiÞ ¼ 0:0m=s; gðiÞ ¼ 90deg; j ¼ 90deg;
The terminal boundary conditions correspond to the penetration requirements of a conventional warhead. It is desirable that the warhead may be able to strike a target at maximum possible velocity and a high impact angle close to 90
. For biconic re-entry shapes, the impact velocity is close to 700e1000 m/s. Impact speed of 1300 m/s is the material limit beyond which the warhead becomes plastic [25] . Use of lifting reentry vehicles gives the military planners to strike a particular target at the desired angle and speed. Too high impact speed improves the performance of the warhead alone but raises the maximum dynamic pressure limit of the reentry body. This implies a higher structural limit and higher empty weight. For the current study the maximum terminal speed is considered to be 720 m/s at an impact angle of 80
Constraints
A dynamic pressure limit corresponds to the maximum stagnation pressure which the vehicle structure can bear in presence of high acceleration loads. The terminal constraints imply that the vehicle would sustain a dynamic pressure of approximately 320 KPa close to impact. The dynamic pressure constraint of 320 KPa has been imposed as a path constraint during the entire flight. The dynamic pressure constraint is kept equivalent to the dynamic pressure experienced by the vehicle in terminal phase.
The heat rate constraint is directly linked with the surface temperature if the surface is assumed to be in radiative equilibrium with the surroundings. The carbonecarbon composite material can retain its properties till temperature of 2900 K [9] . The temperature corresponds to a heat rate limit of approximately 4.0 MW/m 2 .
where s is the StefaneBoltzmann constant which is equal to 5.67 Â 10 À8 W/(m 2 $K 4 ); and Є is the surface emissivity which is close to 0.9.
Objective functions
The objective is to find the angle-of-attack and bank angle control deflections that would maximize the down-range/ cross-range of the reentry vehicle. Maximizing down-range and cross-range is similar to maximizing longitude and latitude at final time t f of phase-4. The problem is a Mayers problem and can be expressed as 
Pseudospectral method
Pseudospectral method was used to solve the nonlinear, multiphase, constraint optimal control problems. In the pseudospectral method, the time interval of the optimal control problem is split into a prescribed number of subintervals. The end points are called nodes, and the entire distribution of nodes can be referred to as a grid within the time domain. The points within the nodes are called collocation points and are governed by strict quadrature rules. The method is based on the theory of orthogonal collocation where the collocation points are the LagrangeeGauss (LG) points. The state equations and the control constraints are transformed into the algebraic equations by using the properties of the Lagrange polynomials. In this way, the optimal control problem is reduced to a non-linear programming problem.
In h method, the low order polynomials are used to approximate the state vector. The mesh is refined till the required accuracy of the solution is obtained. In p method, a single interval is used and the accuracy is improved by increasing the order p of the polynomial. In a hp adaptive method, the required accuracy is achieved by increasing the number of nodes as well as the degree of polynomial. Additional nodes are introduced, where the curvature is sharp, and therefore the method is called the hp-adaptive pseudospectral method [13] . The hp-adaptive pseudospectral method is implemented in Gauss pseudospectral optimization software(GPOPS ® ) [20] . The optimal control reentry problem for unconstraint heat load is expressed as to determine the state vector ½rðtÞ; QðtÞ; FðtÞ; VðtÞ; gðtÞ; jðtÞ; mðtÞ and the control vector ½aðtÞ; sðtÞ that minimizes the cost function subject to the dynamic constraints of Eqs. (9)e(15), the initial and terminal flight path conditions given in Eq. (21) and Eq. (22), and the path constraints given by Eqs. (23) and (25) . The nonlinear optimal control problem is solved using open source Gauss pseudospectral optimization software version 4.0. The program utilizes hp-adaptive Radau pseudospectral method (RPM) for solving optimal control problem. RPM is an orthogonal collocation method where the collocation points are the Legendre-Gauss-Radau points. The number of mesh intervals and the number of collocation points are determined iteratively at the end of iteration. The mesh refinement continues till a solution, which satisfies the error tolerances, is obtained [13] . The details of the hp-adaptive algorithm are given in Refs. [26, 27] . For the current research the maximum number of mesh iterations was set to 12 with 4e10 nodes between the collocation points. The error tolerance was set to 1e-3. The nonlinear programming (NLP) derivatives were computed using finite difference scheme. and burn-out altitude of 62 km for the launch vehicle under study.
Results
Discussion of results for waverider configuration
The best control strategy is to optimize the cross-range for minimum value of down-range by increasing the burn-out angle which results in an increase in down range during the Table 3 Numerical results for lifting vehicle performance with heat rate constraints. free flight phase (Figs. 5(a) and 6(a)) and reducing the bank angle which results in lesser heading change and greater down-range. Lower bank angle (Fig. 11(b) ) produces a lesser change in heading ( Fig. 7(b) ) and the vehicle meets the downrange requirement while maximizing the cross-range performance ( Fig. 5(b) ). The bank angle goes to zero once the desired optimal heading is achieved. For maximum crossrange, the change in heading is 90 which reduces as the down-range requirement is increased (Fig. 7(b) ). For a constraint down-range of 3000 km, the maximum cross-range that can be achieved is approximately 900 km with a heading change of 55
. The burn-out angle in this case is 4.13 (Table  3 (a)) which maximizes the down-range and cross-range performances (Figs. 5 and 6 ) simultaneously. The initial angle-ofattack goes to 25 ( Fig. 11 ) in this case so as to dissipate energy quickly enough to avoid the heat rate boundary (Fig. 9(a) ). The variation of speed with time is shown in Fig. 8 . The bank angle in this case also remains low to attain the down-range constraint. Fig. 4 shows the optimal trajectory of the boost vehicle as well as the reentry vehicle for maximum cross-range on an altitude versus velocity map. Fig. 4 also shows the dynamic pressure and heat rate constraint lines and indicates that none of the constraints is violated. The constraint variables are also shown as a function of time in Fig. 9 . Fig. 12 which shows the deterioration of optimal cross-range performance with the increase in down-range. Fig. 13 shows the comparison of trajectory shapes on the altitude versus velocity map. The comparison of trajectories is given for the cases where the cross-range for waverider, wingbody and lifting-body vehicles is maximized corresponding to constraint down-range of 1600 km. The comparative performance as a function of lift-to-drag ratio is shown in Fig. 15 . Fig. 15 shows that the cross-range increases linearly with liftto-drag ratio. The results indicate that the waverider design has the best cross-range performance of approximately 1627 km at burn-out angle of zero degree. The wing-body and lifting-body designs depict the cross-ranges of 736 km and 121 km corresponding to the burn-out angles of 5.42 and 13.6
Discussion on comparative performance
, respectively (Fig. 16) . The burn-out angle also changes linearly with lift-to-drag ratio, as shown in Fig. 17 . Fig. 13 shows that the lifting-body configuration looses energy quickly to drag force after reentry and is only able to execute a single skip before meeting the terminal constraint. The loss in speed is because of higher parasite drag. The vehicle encounters a minimum altitude of around 20 km before skipping to higher altitude. The normal acceleration during this phase goes to 10 g while as the vehicle faces tangential deceleration of approximately 5 g as can be seen from Fig. 19 . For wing-body configuration, the energy lost to drag force is less as compared to lifting-body configuration and as a result the wing-body vehicle skips thrice before meeting the terminal velocity constraint of 0.72 km/s. The waverider configuration shows a smooth glide trajectory (Figs. 13 and 14) and looses speed at a very slow rate (Fig. 18 ) because of very low parasite drag as compared to wing-body and lifting-body configurations. The flight path angle also remains between ±1 for waverider configuration during the glide stage before diving down to meet the terminal constraint of À80 flight path angle ( Fig. 16(a) ). The flightpath fluctuates between þ10 and À10 for wing-body configuration after reentry whereas it fluctuates between ±19 for the lifting-body configuration. Trajectory results show that, for optimal down-range of 1600 km, the bi-conic reentry body goes to 400 km altitude and faces immense heating rates up to 14 MW/m 2 as it enters the atmosphere. The dynamic pressure also goes beyond 1000 KPa (Fig. 19) , resulting in tangential deceleration of (Fig. 20) . For lifting configurations, the heat rate, dynamic pressure, and normal and tangential accelerations all remain within the limits (see Fig. 21 ).
The integrated heat load values (Table 3) indicate that the total heat flux for lifting-body is approximately the same as that for the conventional configuration. The heat flux value for wing-body configuration is almost twice that of biconic reentry vehicle, whereas the heat flux for the waverider configuration is approximately 8.5 times the heat load experienced by the conventional bi-conic design. The integrated heat load values are plotted against lift-to-drag ratio in Fig. 22 . The plot shows that the integrated heat load increases exponentially with lift-to-drag ratio. This is because of an increase in atmospheric flight time with the increase in lift-to-drag ratio (Table 3 ). The integrated heat load value is an important parameter as it determines the material thickness of the thermal protection system (TPS) and is also related to the empty weight fraction of the vehicle.
Conclusion
The problem of optimal trajectory design for waverider, wing-body and lifting-body vehicles has been considered for medium range applications with the objective to compute the optimal burn-out conditions, optimal glide path and the corresponding control deflections under the constraint heat rate environment. Detail modeling aspects of mass, aerodynamics and aerothermodynamics were discussed. The burn-out angle and cross-range were found to vary almost linearly with lift-todrag ratio, whereas the integrated heat load is an exponential function of lift-to-drag ratio for a fixed cross-range.
The footprints of the hypersonic boost-glide missiles for the three configurations were discussed for medium range application. It has been found that the down-range performance and cross range performance of hypersonic boost-glide waverider are 33 percent higher and twice more than as compared to those of hypersonic boost-glide wing-body missile respectively. The integrated heat load experienced by the HBG waverider was found to be approximately an order of magnitude higher than that of a conventional/lifting body configuration and 5 times that of a wing-body configuration. The results further indicate that the maximum down-range for the waverider configuration is obtained corresponding to the burnout angle of approximately 5 . The optimal burn-out angle for wing-body configuration is 14.8 within the medium range at the constraint heat rate of 4 MW/m 2 . The normal load factor remains within the limit. 
